We rederive the equations of motion for relativistic strings, that is, one-dimensional elastic bodies whose internal energy depends only on their stretching, and use them to study circular string loops rotating in the equatorial plane of flat and black hole spacetimes. We start by obtaining the conditions for equilibrium, and find that: (i) if the string's longitudinal speed of sound does not exceed the speed of light then its radius when rotating in Minkowski's spacetime is always larger than its radius when at rest; (ii) in Minkowski's spacetime, equilibria are linearly stable for rotation speeds below a certain threshold, higher than the string's longitudinal speed of sound, and linearly unstable for some rotation speeds above it; (iii) equilibria are always linearly unstable in Schwarzschild's spacetime. Moreover, we study interactions of a rotating string loop with a Kerr black hole, namely in the context of the weak cosmic censorship conjecture and the Penrose process. We find that: (i) elastic string loops that satisfy the null energy condition cannot overspin extremal black holes; (ii) elastic string loops that satisfy the dominant energy condition cannot increase the maximum efficiency of the usual particle Penrose process; (iii) if the dominant energy condition (but not the weak energy condition) is violated then the efficiency can be increased. This last result hints at the interesting possibility that the dominant energy condition may underlie the well known upper bounds for the efficiencies of energy extraction processes (including, for example, superradiance).
Introduction
The modern formulation of relativistic elasticity is due to Carter and Quintana [30] , and has been further developed in [62, 47, 79, 10, 45 ] (see also [86] and references therein). Its applications range from the computation of the speeds of sound for various relativistic solids [19, 11] to the study of elastic equilibrium states [70, 46, 5, 6, 15, 7, 14] as well as dynamical settings [59, 60, 18] .
In this paper we discuss relativistic strings, that is, one-dimensional elastic bodies whose internal energy depends only on their stretching, first studied by Carter [20, 21] as models for superconducting cosmic strings.
1 More precisely, we consider axially symmetric string loops rotating in the equatorial plane of the Minkowski, Schwarzschild and Kerr spacetimes. We determine the equilibrium configurations, investigate their linear stability, and use the interaction between the string loops and the black hole to study cosmic censorship and the Penrose process. This analysis is particularly interesting because elastic strings, in a way, bridge the gap between particles and fields: they are extended objects without being completely spread throughout spacetime.
The organization of the paper is as follows: in Section 2 we re-derive the equations of motion for elastic strings starting from a Lagrangian density, and rewrite these equations as conservation of energy-momentum along the worldsheet plus the so-called generalized sail equations (the vanishing of the contraction between the energy-momentum tensor and the extrinsic curvatures of the worldsheet). We also show how to obtain conserved quantities for the string's motion in spacetimes with symmetries, compute the string's longitudinal and transverse speeds of sound, and give examples of simple elastic laws and their properties. In Section 3 we determine the equilibrium configurations for axially symmetric string loops rotating in the equatorial plane of the Kerr solution, and analyze in detail the particular cases of the Minkowski and Schwarzschild spacetimes. We prove that in flat spacetime the radius of a rotating string loop is always larger than its radius when at rest provided that the string's longitudinal speed of sound does not exceed the speed of light (this conclusion is not trivial due to the length contraction effect, and it is in fact false when string's longitudinal speed of sound does exceed the speed of light). Moreover, we show that in flat spacetime equilibria are linearly stable for rotation speeds below a certain threshold, higher than the string's longitudinal speed of sound, and linearly unstable for some rotation speeds above it, confirming and extending the results in [29, 61] . Finally, we find that equilibria are always linearly unstable in Schwarzschild's spacetime. In Section 4 we consider the motion of an axially symmetric string loop rotating in the equatorial plane of an extremal Kerr black hole, and show that the loop cannot overspin the black hole provided that it satisfies the null energy condition. We also consider a Penrose process for elastic string loops, where an incoherent loop (dust ring) falls from infinity and breaks up inside the ergoregion into an elastic string loop plus a second dust ring which escapes to infinity. We find that if the elastic loop satisfies the dominant energy condition then the efficiency of this process cannot be higher than the maximum efficiency for the usual particle Penrose process; however, if the dominant energy condition (but not the weak energy condition) is violated then the efficiency can be increased. This last result hints at the interesting possibility that the dominant energy condition may underlie the well known upper bounds for the efficiencies of energy extraction processes (including, for example, superradiance).
We follow the conventions of [65, 85] ; in particular, we use a system of units for which c = G = 1. Greek letters α, β, . . . represent spacetime indices, running from 0 to n, small case Latin letters i, j, . . . represent spatial indices, running from 1 to n (or sometimes from 2 to n), and capital Latin letters A, B, . . . represent indices in the string's worldsheet, taking the values 0 and 1. We used Mathematica for symbolic and numerical computations, and also to produce various plots.
Elastic string theory
In this section, we use a variational approach to re-derive the equations of motion of an elastic string, for the reader's convenience and also to fix notation (see [76, 32, 53, 24, 25, 3, 26] for similar or related derivations). These equations are then shown to be equivalent to the conservation of an energy-momentum tensor defined on the worldsheet plus the vanishing of the contraction between the energy-momentum tensor and the extrinsic curvatures of the worldsheet (dubbed generalized sail equations in [29] ). We obtain the conserved quantities associated to Killing vector fields (as required by Noether's theorem), and compute the string's longitudinal and transverse speeds of sound, originally given in [21] . Finally, we present examples of simple elastic laws and their properties.
Lagrangian density
We model a string moving on a (n + 1)-dimensional spacetime (M, g) by an embedding X : R × I → M , where I ⊂ R is an interval labeling the points of the string.
2 Thus, the curve τ → X(τ, λ) is the worldline of the point of the string labeled by λ ∈ I. We assume that the parameter λ ∈ I is the arclength in the string's unstretched configuration.
The embedding X induces a metric
on R × I, which we identify with its image Σ = X(R × I) (sometimes called the string's worldsheet). If we choose a local orthonormal frame {E 0 , E 1 } tangent to Σ such that E 0 is the 4-velocity of the string's particles, we must have
for some smooth local functions α, β, σ. Note that |σ| is the factor by which the string is stretched according to an observer comoving with it, since E 1 gives the direction of simultaneity for such an observer. The components of the induced metric are then
and so
Defining the number density n = 1 |σ| , we then have
To obtain the string's equations of motion we must choose an action
For an elastic string whose internal energy density ρ depends only on its stretching, ρ = F (n 2 ), the Lagrangian density is (see for instance [11, 47] 
where h ≡ det(h AB ) and n 2 are given as functions of (X, ∂X) from equations (1) and (5) . Although it is not obvious, this Lagrangian density reduces to the usual Newtonian Lagrangian density for an elastic string in the appropriate limit, as shown in Appendix A.
Equations of motion
To find the equations of motion we must compute the variation δL of the Lagrangian density resulting from a variation δX of the embedding. Using the well-known formula for the variation of the determinant of the metric,
(see for instance [85] ), we obtain
By analogy with the energy-momentum tensor in general relativity, we define the string's energy-momentum tensor T AB by the relation
(see for instance [85] ). We will provide a better justification for this choice after obtaining the equations of motion. Note that
where U A is the four-velocity of the string's particles. Therefore, the string's energy density ρ and the string's pressure p are given by
To derive the equations of motion, we note that
we obtain the equations of motion in the form
These equations are closely related to the harmonic map/wave map/nonlinear sigma model equations (see for instance [44, 80, 73] ).
Adapted coordinates
To better understand the equations of motion, we extend the local coordinates (x A ) = (τ, λ) on the worldsheet Σ to a local coordinate system (x A , x i ) defined on a neighborhood of Σ in the following way: we choose an orthonormal frame {E 2 , . . . , E n } for the normal bundle of the worldsheet, and parameterize by (x A , x i ) the point exp p (x i E i ), where exp p is the geodesic exponential map and p ∈ Σ is the point with coordinates (x A ).
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The worldsheet is given in these coordinates by x i = 0, and the spacetime metric by
Note that on Σ we have
The tensor
defined on Σ, is called the extrinsic curvature (or second fundamental form) of Σ in the direction of E i . It easily seen that on Σ Γ
and
where Γ C AB are the Christoffel symbols for the Levi-Civita connection ∇ of h AB . In this coordinate system, the embedding is simply given by (X A , X i ) = (x A , 0), and so we can write the first two components of equation (16) 
and the last n − 1 as the so-called generalized sail equations
Using the well-known formula (see for instance [85] )
equation (22) is easily seen to be equivalent to
This justifies the choice of T AB as the string's energy-momentum tensor. The equations of motion of the string can then be understood as constraints of the geometry of the worldsheet, given by (23) , plus conservation of energy-momentum, given by (25) .
5 For Nambu-Goto strings, for instance, where T AB is proportional to h AB , the constraints are the condition that the worldsheet is a minimal surface, and the conservation equation is automatically satisfied.
Interestingly, the component of the conservation equations along U A is always trivial, even in the general case. Indeed, we have the identity
(particle number conservation), and so
4 In the case of string loops we take the coordinate x 1 (which extends λ) to be periodic. 5 These equations occur for other extended objects such as branes [24, 25, 26] and blackfolds [34] .
Conserved quantities
If (M, g) admits a Killing vector field ξ,
then in the coordinates above we have
that is, the projection of ξ on T Σ is not, in general, a Killing vector field of h AB . Nevertheless,
in view of (23), that is, the vector field
is divergenceless on Σ. As a consequence, the quantity
is conserved, where
is the past-pointing normal to the spacelike curve {τ = constant}. In other words, we have the conserved quantity
Speeds of sound
The speeds of local perturbations traveling on a string can be obtained by linearizing the equations of motion about a (possibly stretched) stationary string in Minkowski spacetime, aligned, say, with the x-axis. This corresponds to taking terms up to quadratic order in the Lagrangian obtained from the embedding
To compute h 00 and h to quadratic order it suffices to use the approximation
where˙≡ ∂ ∂τ and ≡ ∂ ∂λ , so that
Using the Taylor formula to second order,
and discarding constants and total divergences, we finally obtain
Therefore δx satisfies the wave equation in the coordinates (τ, λ) with wave speed
whereas δy and δz satisfy the wave equation with wave speed
Since λ = n 0 x for the stretched string, we see that the physical speed of sound for longitudinal waves is
the same expression as the speed of sound for a perfect fluid (see for instance [31] ), whereas the speed of sound for transverse waves is given by
generalizing the well known classical result. As noted in [21] , a necessary condition for the stability of the stretched string is that c and s be real, 6 that is, dp dρ ≥ 0 and p ≤ 0.
The choice of elastic law
There are many possible choices for the so-called elastic law ρ = F (n 2 ), each corresponding to a different kind of elastic string. Some important examples are (for a given constant energy density ρ 0 > 0 of the unstretched string):
• (Non-prestressed) strings with constant longitudinal speed of sound c ≥ 0: These are given by
For c = 1 we obtain the so-called rigid string [67] , and for c = 0 we have an incoherent (dust) string.
• Strings with constant transverse speed of sound s ≥ 0: This model corresponds to choosing
For s = 1 we obtain the Nambu-Goto string, and for s = 0 we again have a dust string.
• "Warm" cosmic string model with mass parameter m ≥ 0 [22, 82] : These are obtained from
(with m 2 < ρ 0 ). In this case, the longitudinal and transverse speeds of sound coincide. For m = 0 we again have a dust string.
Depending on the elastic law, the string may have different properties:
• Existence of a relaxed configuration: If the pressure is zero when the string is not stretched nor compressed (that is, if the string is not prestressed) then F must satisfy
Of the three models above, only the first satisfies this condition.
• Weak energy condition: The weak energy condition ρ ≥ 0 and ρ + p ≥ 0 is equivalent to
In particular, if the string satisfies the weak energy condition then ρ is a nondecreasing function of n 2 . All the models above satisfy this condition.
• Dominant energy condition: The dominant energy condition ρ ≥ p ≥ −ρ is equivalent to
As is well known, if the string satisfies the dominant energy condition then it also satisfies the weak energy condition. Of the three models above, only the first two satisfy the dominant energy condition, and only for c ≤ 1 and s ≤ 1.
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• Well defined longitudinal speed of sound: If the longitudinal speed of sound is well defined then from (42) we must have F (n 2 ) = 0 and dp dρ ≥ 0. Of the three models above, only the first and the third satisfy this condition.
8 If the string also satisfies the weak energy condition then ρ is a strictly increasing function of n 2 , and hence p is a nondecreasing function of n 2 .
Rigidly rotating string loops
In this section we find the equilibrium conditions for axially symmetric string loops rotating in the equatorial plane of a Kerr solution with mass M ≥ 0 and angular momentum M a. In the Minkowski case M = a = 0, we prove that the radius of a rotating string loop is always larger than its radius when at rest provided that the string's longitudinal speed of sound does not exceed the speed of light. This is a nontrivial statement because the length contraction effect must be taken into account; it is in fact false when string's longitudinal speed of sound does exceed the speed of light. We also show that equilibria are linearly stable for rotation speeds below a certain threshold, higher than the string's longitudinal speed of sound, and linearly unstable for some rotation speeds above it, confirming and extending the results of Carter and Martin [29, 61] . Finally, we find that equilibria are always linearly unstable in the Schwarzschild case M > 0, a = 0. Equilibrium configurations of Nambu-Goto and cosmic strings in black hole spacetimes have been previously analyzed in [38, 27, 23, 28, 51, 39, 49, 2] , and rigidly rotating strings were considered in [36, 69, 42, 48] . Stability issues for Nambu-Goto and cosmic strings have been discussed in [21, 37, 58, 56, 55, 9] .
Equilibrium conditions
Let us start by considering the Kerr solution with mass M ≥ 0 and angular momentum M a, given in Boyer-Lindquist coordinates by
7 It is clear that if an elastic string satisfies the dominant energy condition then its transverse speed of sound cannot exceed the speed of light. 8 Technically, the second model also satisfies this condition in the trivial case s = 0.
where ρ 2 = r 2 + a 2 cos 2 θ and ∆ = r 2 − 2M r + a 2 . As explained above, a string in this geometry is described by an embedding, which we take to be of the form
where R, Ω and k are constants and λ ∈ 0, 2π k . This embedding describes an axially symmetric elastic string loop rotating in the equatorial plane with angular velocity Ω, in equilibrium at a constant radius R. From the definition of λ, it follows that the radius of the unstretched string loop in flat spacetime is
The metric induced by the embedding on the worldsheet is
where
The determinant is
Noting that the velocity of the string with respect to the zero angular momentum observers (ZAMOs) is
we can rewrite equation (56) in the suggestive form
relating the rotating loop's radius to the unstretched radius by the combined effects of stretching and length contraction. After a long but straightforward computation, the equations of motion (16) boil down to
In fact, this is the generalized sail equation (23); the conservation equations (25) hold automatically for this embedding. Since from (12) we have ρ = ρ(n 2 ) and p = p(n 2 ), equations (57), (58) and (59) relate the four unknown quantities v, Ω, R and n (R 0 is a known parameter of the loop). Hence, for each value of R, say, one can solve these equations to find v, Ω and n.
It is interesting to note that the equilibrium configuration for a non-rotating string loop (Ω = 0) satisfies
In particular, we see that if a = 0 then p necessarily blows up at some radius R * > 2M (still outside the ergoregion), and even becomes negative for R < R * , contrary to what the Newtonian intuition would suggest. We explain this bizarre behavior in Appendix B.
Radius of the rotating string loop and the speed of sound
In Minkowski's spacetime (M = a = 0), equation (59) reduces to (using also equation (57))
Remarkably, the loop's rotation speed coincides with the transverse speed of sound. We will see later on some interesting consequences of this fact. From (58) we then have
For a rigid string loop, for instance, we obtain
in agreement with [17, 63] . Let us now assume that the string admits a relaxed configuration, satisfies the weak energy condition and possesses a well defined longitudinal speed of sound. Recall that in particular ρ is a strictly increasing function of n 2 , and p is a nondecreasing function of n 2 . Suppose that
for some v > 0. From (61) we must have p < 0, and hence n 2 < 1. Since from (47)
we see that there exists x ∈ (n 2 , 1) such that
where c is the longitudinal speed of sound corresponding to the number density √ x. Thus we have proved the following result: Theorem 3.1. In Minkowski's spacetime, the radius R of a rotating string loop which admits a relaxed configuration of radius R 0 , satisfies the weak energy condition and possesses a well defined longitudinal speed of sound not exceeding the speed of light always satisfies R > R 0 . This is something that one would naively expect due to the balance between the centrifugal and elastic forces, but is not obvious in view of the length contraction term in equation (58) . Indeed, for a string loop with constant longitudinal speed of sound c > 1, for example, we have
None of the above applies if M > 0, which is again expected: if we have gravity besides the centrifugal and elastic forces then it is possible to have equilibrium configurations even if the string is compressed. For instance, if the string loop is at rest with respect to the ZAMOs, that is, if Ω = 2aM RΣ , equation (59) 
and so p > 0 outside the ergoregion (as opposed to the case Ω = 0). Since p is a nondecreasing function of n 2 , we have n 2 > 1, and so from (58)
Linear Stability
To analyse the linear stability of rotating string loops we consider the embedding
around an equilibrium configuration (satisfying (59)). To simplify the stability analysis, we consider only the zero angular momentum case a = 0. We also assume that the string loop satisfies the weak energy condition and has well defined longitudinal and transverse speeds of sound c and s (a necessary condition for stability, as noted in [21] ), with c, s ≤ 1. Substituting (71) in (50) we obtain, to first order,
where once again˙≡ ∂ ∂τ and ≡ ∂ ∂λ . Therefore we have, to first order,
Substituting in (11) and (16), we obtain the linearized equations of motion
with the coefficients given in Appendix C. Note that the polar perturbations δθ are decoupled from the equatorial perturbations δr and δϕ. This is consistent with the results obtained in [29, 61] for the case M = a = 0 (Minkowski geometry).
Since the string loop is closed, we can write the perturbations as Fourier series:
Substituting (78) and (79) in equations (75) and (76), we obtain for the equatorial perturbations
with
Looking for solutions proportional to e iωτ , we are led to the characteristic polynomial
where I represents the 4 × 4 identity matrix. Note thatp j (ω) is a quartic function of ω with real coefficients, and so the complex conjugate of a root ofp j is also a root. For polar perturbations, substituting (80) in equation (77), we obtain
Again looking for solutions proportional to e iωτ , we obtain the characteristic polynomial
Once more, sinceq j (ω) is a quadratic function of ω with real coefficients, the complex conjugate of each of its roots is also a root. By the theory of linear ODEs, a necessary condition for the embedding (51) to be linearly stable under equatorial (polar) perturbations is that, for each mode j ∈ Z, all the roots ofp j (q j ) have non-negative imaginary parts. Since these roots come in conjugate pairs, this necessary condition amounts to requiring all roots to be real. Under such an assumption, linear stability is equivalent to the absence of secular terms, that is, to all roots having the same algebraic and geometric multiplicities (which is automatically true for simple roots).
Minkowski spacetime
In the Minkowski case M = a = 0, the roots ofp j are the solutions of
We can immediately see that
are real roots ofp j . These roots correspond to a special kind of solutions, namely transverse waves travelling along the string loop in the opposite direction to its rotation [29, 61] . 9 Now, since there is one known root 9 These solutions correspond to a fixed (in time) equatorial deformation of the rotating string loop. They exist because in Minkowski spacetime v = s, and so we can have transverse (equatorial) perturbations moving with respect to the string loop with exactly minus the velocity of the rotating string loop. Explicitly, if ω = j Ω for each mode j ∈ Z we have
and similarly for δϕ. We can apply the same argument to predict the existence of this kind of solutions for polar perturbations, and, in fact, it is simple to show their existence explicitly.
ofp j for each mode j ∈ Z, we only need to analyse the roots of the remaining cubic polynomial in (86) . To analyse the roots of this polynomial, we make use of its discriminant:
If ∆ > 0 for a given mode j ∈ Z then the cubic polynomial has three distinct real roots; if ∆ = 0 then the polynomial has a multiple root (and all the roots are real); and if ∆ < 0 then the polynomial has one real root and a pair of non-real (conjugate) roots. Therefore, by the discussion of the previous section, if ∆ < 0 for some mode j ∈ Z then the equilibrium is linearly unstable under equatorial perturbations. On the other hand, if ∆ > 0 for every mode j ∈ Z, with all the roots different from j(s/R), then the equilibrium is linearly stable under equatorial perturbations.
we see that ∆ is a cubic function of y for s = c, with the coefficients being functions of s and c. In particular, the coefficient of y 3 is positive. Therefore we can rewrite the expression of the discriminant as
with A > 0, B, C and D the obvious functions of s and c in (88). If the inequality
holds, then the global minimum of ∆(y) for y ≥ 0 is ∆(0) = D. On the other hand, if the inequality (91) does not hold, then there exist y 1 and y 2 , with y 1 < y 2 , such that ∆ has a local maximum at y = y 1 and a local minimum at y = y 2 . In this case, if
then the global minimum of ∆(y) for y ≥ 0 is ∆(y 2 ). On the other hand, if
then the global minimum of ∆(y) for non-negative y is ∆(0) = D. If instead
then the global minimum of ∆(y) for non-negative y is min D, ∆(y 2 ) .
To summarize, for given s and c we know the global minimum of the discriminant ∆(y) for y ≥ 0. If this global minimum is positive then the equilibrium is linearly stable under equatorial perturbations. Therefore, as shown in Figure 1 , the equilibrium is linearly stable for s < c. If s = c, it is easy to see that A = 0, B > 0 and C < 0. Therefore, there exists y 3 such that ∆(y) has a local minimum at y = y 3 > 0, and so the global minimum of ∆(y) for non-negative y is ∆(y 3 ). It is easy to show that ∆(y 3 ) = 0, and so the equilibrium is also linearly stable under equatorial perturbations in this case.
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If the global minimum is negative, however, we cannot conclude immediately that the equilibrium is linearly unstable under equatorial perturbations, because this minimum need not occur near a perfect square y = j 2 (with j ∈ Z). Instead, we have to look at the values of the discriminant on the two perfect squares around the point of global minimum, and check whether the smallest of these values is negative. This is 10 In particular, the "warm" cosmic string model in Section 2.6 yields linearly stable rotating loops. shown in Figure 2 , where we see that indeed the region of stability persists beyond s = c, the first instabilities ocurring approximately for To be completely rigorous in establishing linear stability, we must check that the distinct real roots of the cubic polynomial in (86) do not coincide with any of the special roots ω = j s R = j Ω. Evaluating the polynomial at these roots yields
and so the roots are simple unless s = 0, s = c, j = 0 or j = ±1. We will not analyse the case s = 0 in detail because it is unstable under polar perturbations, as we will see. In the case s = c, with s > 0, one can check that the geometric multiplicity of the roots is two, and so we have stability. The geometric multiplicity of the roots with j = 0, however, is one, and so we have secular terms; but these do not signal any instability, because they connect to infinitesimally close equilibria with slightly different radius, angular velocity and initial orientation of the string loop (that is, δr = α and δϕ = βt + γ for appropriate constants α, β and γ). Finally, the roots with j = ±1 also have geometric multiplicity one, and again lead to secular terms; these connect to equilibrium solutions obtained by slightly boosting the equilibrium on the equatorial plane, and are an unavoidable consequence of the Lorentz invariance of Minkowski space.
On the other hand, the polynomialq j is given in the Minkowski case M = a = 0 bỹ
with discriminant
Since this discriminant is always nonnegative, the polynomial has real roots, which are simple unless s = 0 or j = 0. 11 If s = 0 there are secular terms, and the equilibrium is unstable, as promised. When j = 0 there are also secular terms, but these connect to equilibrium solutions obtained by slightly boosting the equilibrium in the z-direction, and are again required by Lorentz invariance. Thus, the equilibrium is linearly stable under polar perturbations for s > 0.
Noticing that s = v in Minkowski's spacetime, we have proved the following result: These results are consistent with those obtained in [29, 61] , where a different parameterization of the worldsheet, using ϕ instead of λ, was employed. In particular, the instability region for the first 400 modes plotted in [61] is a good approximation of the full instability region, depicted in Figure 2 , although around the point (c 2 , s 2 ) = (0, 1) the instability occurs for modes with j > 400.
Schwarzschild spacetime
In the Schwarzschild spacetime, the speed of the rotating string loop is given by
Thus, we see that v 2 < 1 implies R > 3M . This is related to the fact that all circular orbits by massive particles must have a larger radius than the radius 3M of the photon sphere: we must have R > 3M for an incoherent loop (dust ring), and any elastic force will just add to the gravitational force, since we are assuming that the transverse speed of sound is well defined (hence p ≤ 0).
Generating contour plots of the discriminant ofp 1 as a function of c 2 and s 2 , for different values of R, we can see that this discriminant is always negative. In Figs. 3, 4 and 5 we present some of these plots. Since the discriminant ofp 1 is negative, the polynomial has two complex conjugate non-real roots. Thus, we see that the equilibrium is linearly unstable under equatorial perturbations.
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On the other hand, the discriminant of the polynomialq is
Since this discriminant is positive, the polynomial has two distinct real roots. Thus the equilibrium is linearly stable under polar perturbations. The results obtained in this section can be summarized as follows:
Theorem 3.3. In Schwarzschild's spacetime, the equilibrium of a rotating string loop which satisfies the weak energy condition and has well defined longitudinal and transverse speeds of sound c ≤ 1 and s ≤ 1 is linearly unstable under equatorial perturbations, and linearly stable under polar perturbations. 
Gedanken experiments with rotating string loops on a Kerr background
In [84] , Wald initiated a series of gedanken experiments to test the validity of the cosmic censorship conjecture. These consisted of using test particles to try to destroy the event horizon of an extremal black hole in order to undress the singularity. Around the same time, in [71] , Penrose devised a mechanism for extracting energy from Kerr black holes: since the energy can be negative in the ergoregion, we can let a test particle (of positive energy) fall in from infinity and break up into two inside the ergoregion; if one of the pieces has negative energy, the other piece must have more energy than the original particle. Provided that this more energetic particle can reach infinity, we have extracted energy from the Kerr black hole.
The gedanken experiments described above use point particles, which are the simplest kind of matter model one can think of, and we may wonder what happens if we consider extended objects instead. In this section, we extend Wald's and Penrose's gedanken experiments to rotating string loops. On the one hand, we try to overspin an extremal Kerr black hole by letting it absorb a string loop. On the other hand, we try to increase the efficiency of the Penrose process by using elastic string loops.
The motion of Nambu-Goto and cosmic strings in black hole spacetimes has previously been studied in [52, 54, 35, 33, 77, 43, 78, 40, 41] . Other mechanisms for extracting energy from Kerr black holes using strings were considered in [50, 48] .
Elastic string loops cannot destroy extremal black holes
We want to try to spin up a Kerr black hole past extremality through the absorption of rotating elastic string loops described by an arbitrary elastic law. We will consider the extremal Kerr solution by setting a = M , and use, instead of the usual Boyer-Lindquist form of the metric (50), Painlevé-Gullstrand coordinates [66] , so that the metric for the equatorial plane θ = π 2 reads
Note that ω and v are just the familiar expressions for the angular velocity and radial proper velocity of a zero angular momentum observer dropped from infinity. In our analysis, we will need to compute the energy and the angular momentum of the string loop at the horizon; this is why this coordinate system, which is well defined at the horizon, is appropriate. Moreover, we will choose a different embedding from the the previous sections, since we no longer want to be restricted to equilibrium configurations:
where k and λ are defined as before. This embedding represents a string loop which may move freely along the radial and angular directions but still preserves its axial symmetry. Substituting (105) in (101) yields
The Kerr metric admits two Killing vector fields, ∂ ∂t and ∂ ∂ϕ , whose associated covector fields are given on the worldsheet by
We are now able to compute the energy and the angular momentum of a string loop using (34) and (109).
We obtain
Now, assume that an elastic string loop with infinitesimal energy E and angular momentum L enters an extremal black hole. Ignoring the backreaction of the string loop on the spacetime, we can easily find a relationship between E and L that must be satisfied in order for the black hole to be destroyed: if a f and M f are the parameters of the black hole after absorbing the string loop then
At extremality a = M , and the black hole is destroyed if a f > M f . Hence, a string loop capable of destroying the black hole must satisfy
From (110), we can write the energy of the string loop in the following way:
In order to simplify our expression, we choose units in which the mass of the black hole is M = 1. Note that with this choice (112) reduces to
Since we want to restrict our attention to the string loops that actually traverse the horizon, we evaluate the energy at the horizon, which then takes the following form:
Note that we can do this because our coordinate system is well defined at the horizon. All the terms appearing in expression for the energy are implicitly being evaluated at R = M = 1. By (110), we can further see thaṫ Φ is given byΦ
and replacing in (115) yields
The condition that the worldsheet is timelike requires
and consequently, at the horizon,
This restriction guarantees that (117) is well defined. From (114), (117) and (119), in order to destroy the black hole we must have
This inequality cannot hold if F ≥ 0 and F ≥ 0, that is, if the string obeys the weak energy condition in the worldsheet at the points where it crosses the horizon. Interestingly, the weak energy condition in the worldsheet can be interpreted as the null energy condition in spacetime.
Theorem 4.1. The weak energy condition in the worldsheet is equivalent to the null energy condition in spacetime.
Proof. The null energy condition in spacetime states that
for every null vector k in spacetime. On the other hand, the weak energy condition in the worldsheet states that
for every causal vector u in the worldsheet. We can decompose any null vector in spacetime into a component tangent to the worldsheet and an orthogonal component, from which we can write
as T ij = 0. Furthermore, because k is null,
Since any vector orthogonal to the worldsheet is spacelike, we have k i k i ≥ 0, and so k A k A ≤ 0, that is, the component of k tangent to the worldsheet is causal. It follows that (121) and (122) are equivalent statements.
Therefore, we can summarize our result as follows: Theorem 4.2. Elastic string loops satisfying the null energy condition at the event horizon cannot destroy an extremal Kerr black hole.
This result is consistent with the more general statement, proved by the authors in [68] , that test fields satisfying the null energy condition at the event horizon cannot destroy an extremal Kerr black hole. In fact, the authors conjectured that this is true for any type of localized matter, including test particles and elastic strings. One can therefore be confident that as long as the matter satisfies the null energy condition at the horizon, extremal black holes are safe from destruction. More recently, it was shown in [75] that the same statement holds for near-extremal black holes. On the other hand, it is possible to destroy extremal black holes with matter that does not satisfy standard energy conditions [81] . In fact, the null energy condition seems to be a fundamental assumption for the weak cosmic censorship conjecture and the safety of black holes.
Elastic Penrose Process
In this section we revert to the Boyer-Lindquist form (50) of the metric, which in the equatorial plane θ = π 2 reads
This change is simply to facilitate the comparison with the standard particle Penrose process, which is usually analyzed in these coordinates. The expressions for the energy E and angular momentum L of a string loop in Boyer-Lindquist coordinates can be computed similarly to what was done in the previous section for Painlevé-Gullstrand coordinates:
To study the Penrose process for point particles we we need to consider the local conservation of the 4-momentum in the breakup proccess. Usually this accounts for the conservation of energy, angular momentum and the radial component of momentum for motions in the equatorial plane. When working with elastic string loops, however, we don't have a 4-momentum vector; instead, we have an energy-momentum tensor supported on the worldsheet, which will bifurcate whenever the string loop breaks up into two. As is well known, the energy-momentum tensor itself does not have to be continuous across a shock, but only its components orthogonal to the shock, as required by the divergence theorem; since in the case of a string loop breakup the shock is a one-dimensional curve, we must require that all components of the energy-momentum tensor orthogonal to this curve (summed over the various branches of the worldsheet) remain continuous. 13 In other words, assuming that the worldsheet Σ 0 breaks up into worldsheets Σ 1 and Σ 2 along the curve γ, we must require that
at each point of γ, where V is an arbitrary spacetime covector and ν is the past-pointing (say) normal to γ in each branch of the worldsheet. If we consider axially symmetric string loops, conditions (127) are invariant under rotations, and we can define an effective 4-momentum vector for the string loop by integrating the appropriate components of the energy-momentum tensor along the string loop. Indeed, we already have a good definition for two of its components: the energy E and the angular momentum L. Since we are restricting the motion of the string loop to the equatorial plane, there's only one component left. We define it by using (34) with the covector field associated to ∂ ∂r , obtaining
It's easy to see that this quantity reduces to the radial momentum of test particles by considering a ring of dust, corresponding to p = 0. Finally, we can define the effective 4-momentum of the string loop as
where {ξ, υ, ζ} is the dual coframe to {X, Y, Z}, with
The naive generalization of the Penrose process for elastic string loops would be to consider a scenario where some string loop, with energy E 0 , comes from infinity, breaks up inside the ergoregion into two new string loops, with energies E 1 and E 2 , one of which then escapes, carrying energy E 2 to infinity. A successful Penrose process requires η = E2 E0 > 1; in particular we want this quantity to be as large as possible in order to have an efficient extraction of energy. However, this gedanken experiment faces a considerable problem in the case of elastic string loops: the fact that string loops with a finite relaxed radius cannot in general reach infinity. Hence, there is only one physically reasonable way to extend the typical Penrose process to an elastic Penrose process: a ring of dust comes from infinity, interacts in the ergoregion to produce an elastic string loop and another ring of dust, which will take energy away to infinity. This choice solves the problem, and the only difference from the usual Penrose process is that the negative energy particle that remains in the ergoregion is replaced by an elastic string loop. It can be physically interpreted as a ring of noninteracting particles decaying into strongly bonded particles (the elastic string loop) plus more noninteracting particles (the dust ring that escapes to infinity).
Our main goal is to understand if it is possible to achieve higher efficiencies η through this new process. The usual Penrose process maximizes the efficiency when a massive particle from infinity breaks into two photons in the ergoregion. 15 The elastic Penrose process will only be able to achieve higher efficiencies if the (effective) 4-momentum of the elastic string loop is spacelike at the breakup. In fact, since the incoming and outgoing string loops are dust rings, and so behave like particles, and since the only role played by the elastic string loop is in 4-momentum conservation at the breakup, whenever the 4-momentum of the elastic string loop is causal the process will emulate a particle process. Theorem 4.3. Outside the event horizon, the effective 4-momentum P for elastic string loops satisfying the dominant energy condition is causal and future-pointing.
Proof. From (34), we have
Moreover, from the definition of P P, X = −E ,
Recall that at each point outside the event horizon there exists a quantity Ω ZAM O , called the angular velocity of the zero angular momentum observers, such that the vector
is timelike and future-pointing. 16 Let us now consider the family of vectors
It is possible to choose Ω and in such a way that X (Ω, ) sweeps out the whole cone of future causal directions at every point outside the event horizon. Assuming the dominant energy condition, we have
because ν is timelike past-pointing, and so
Since X (Ω, ) sweeps out the whole cone of future causal directions, this inequality implies that P is causal future-pointing.
We can summarize our result as follows:
Theorem 4.4. The elastic Penrose process with string loops satisfying the dominant energy condition cannot achieve higher efficiencies than the known bound for the usual Penrose process, given by η 0 = √ 2+1
Energy extraction and the dominant energy condition
Let us now consider an elastic string loop that violates the dominant energy condition but preserves the weak energy condition. It is easy to see that an elastic string loop that violates the weak energy condition can have negative energy even in Minkowski's spacetime, and so it does not make sense to discuss the Penrose process in this case, since, in principle, we do not even need an ergoregion to accumulate energy at infinity. This is also the reason why it does not make sense to consider test particles that violate the dominant energy condition: such particles would also violate the weak energy condition. Let us then consider a string loop given by (44) with c 2 > 1. This string violates the dominant energy condition but preserves the weak energy condition. Numerically, setting M = a = 1,Ṙ = 0 and R = 1.01 at the breakup, we find that we needΦ ∈ (0.492513, 0.497512) for the worldsheet to be timelike, that is, in order to have
Moreover, we set the following ratios:
, where m 0 and m 2 are the effective rest masses of the incoming and outgoing dust rings of particles, respectively, and ρ 0 is the parameter in (44) . We solve the conservation equations (127) for E 2 , the energy of the outgoing dust, and k, the inverse of the elastic string loop's relaxed radius, and we force k > 0. By varyingΦ between its allowed values, we are able to find several numerical solutions for the efficiency which are represented in Figure 6 . We can see that some solutions correspond to higher efficiencies than the usual Penrose process, η 0 = √ 2+1
2 . Actually, one can check that for these solutions the momentum vector P of the string is spacelike, as required by the argument in the previous section. It is also possible to confirm that the outgoing ring of dust escapes to infinity. Moreover, the larger we make c 2 the higher the efficiencies we can achieve are, and possibly this happens without bound when we let c 2 → +∞. It is hard to see if this indeed happens, because the equations become numerically unstable when c 2 becomes too large, but it seems a likely scenario.
Theorem 4.5. The elastic Penrose process with string loops violating the dominant energy condition (but satisfying the weak energy condition) allows efficiencies η higher than the known bound for the usual Penrose process, given by η 0 = √ 2+1 2 . Although the worldsheets of the string loops we just considered are timelike, perturbations travel along these strings faster than the speed of light. Hence, elastic string loops that violate energy conditions are somewhat unphysical. Nevertheless, they allow us to see explicitly that the bound on the efficiency of the Penrose process is in some way related to the dominant energy condition. This last result hints at the interesting possibility that the dominant energy condition may underlie the well known upper bounds for the efficiencies of energy extraction processes. In particular, one can wonder whether it is possible to obtain unbounded superradiance [16] with fields that violate the dominant energy condition, since superradiance is usually seen as the field analog of the Penrose process.
Conclusion
To conclude, we briefly summarize our results and discuss future directions of research.
Formalism
In the first part of this work we re-derived the equations of motion for elastic strings starting from a Lagrangian density, and recast these equations as conservation of energy-momentum along the worldsheet plus the generalized sail equations (the vanishing of the contraction between the energy-momentum tensor and the extrinsic curvatures of the worldsheet). We also obtained the conserved quantities in spacetimes with Killing vector fields and computed the string's longitudinal and transverse speeds of sound. Although these results are known, it is convenient to have them deduced from first principles and collected together.
Equilibria and stability
In the second part of this work we determined the equilibrium configurations for axially symmetric string loops rotating in the equatorial plane of the Kerr spacetime. We proved that in flat spacetime the radius of a rotating string loop is always larger than its radius when relaxed, provided that its longitudinal speed of sound does not exceed the speed of light. Still in flat spacetime, we showed that equilibria are linearly stable for rotation speeds below a certain threshold, higher than the string's longitudinal speed of sound, and linearly unstable for some rotation speeds above it, confirming and extending the results in [29, 61] . Finally, we found that equilibria are always linearly unstable in Schwarzschild's spacetime.
It would be interesting to extend our stability analysis to the Kerr spacetime. Although we expect similar results to the Schwarzschild case, it is conceivable that the frame dragging associated to the black hole's rotation may have a stabilization effect.
Weak cosmic censorship and the null energy condition
In the third part of this work we tried to destroy an extremal black hole by letting it absorb a string loop with an arbitrary elastic law. We found that this gedanken experiment can only succeed if the string violates the null energy condition at the event horizon. This result is in agreement with [68, 75] , where it was shown that test fields satisfying the null energy condition at the event horizon cannot destroy extremal black holes. Since localized matter can be seen as a limit of test fields, one can argue that this conclusion should extend to general test matter. Indeed, our work shows that the same statement holds for some extended objects, bridging the gap bewteen the recent developments for test fields and the original results for test particles [84] .
Penrose process and the dominant energy condition
Finally, we tried to increase the efficiency of the standard Penrose process by using elastic string loops. We found that if the loops satisfy the dominant energy condition then we cannot get higher efficiencies than that of the standard Penrose process [83, 8] . Nevertheless, if we consider elastic loops that violate the dominant energy condition but preserve the weak energy condition then we seem to be able to get arbitrarily high efficiencies for the Penrose process.
Although classical matter that violates the dominant energy condition is not very interesting from the astrophysical point of view, this result may give us a better understanding on the principles underlying energy extraction from black holes. Is the dominant energy condition imposing constraints on the amount of energy that we can extract? Still along these lines, we may wonder what happens if we consider the superradiance [16] produced by a field that violates the dominant energy condition but preserves the weak energy condition. Will we be able to get unbounded superradiance in analogy with the elastic Penrose process?
where t = x / x is the unit tangent vector to the string. The Lagrangian density (7) can then be written as
To obtain the nonrelativistic limit, we assume that
and retain only terms up to order ε 2 in the expression of the Lagrangian density. Note that in particular
or, using (47) and (42),
where ρ 0 and c 0 are the density and the speed of sound of the relaxed string. Dropping the multiplicative constant ρ 0 , we can write the Lagrangian density (146) up to order ε 2 as
Noting that up to order ε
and 1
we obtain
or, dropping the additive constant and multiplying by −1,
which is the Newtonian Lagrangian that one would expect for an elastic string with longitudinal speed of sound c 0 . One can study axially symmetric rotating string loops using the Lagrangian above, possibly including a gravitational potential of the form − M x . It turns out that equilibrium configurations are always stable in the absence of gravity for nonzero rotation speeds, 17 whereas they are always unstable if gravity is included.
B Equilibrium configurations in stationary spacetimes
In this appendix we obtain the equilibrium conditions of elastic strings in stationary spacetimes to explain the strange behaviour of stationary strings in the Kerr spacetime. See [38, 27, 23, 28, 51, 39, 49, 2] for related (but different) formulations. The metric of a stationary spacetime (M, g) can be written as
where ∂ ∂t is the timelike Killing vector field, so that φ, A i and γ ij do not depend on t. For a stationary string, we can assume without loss of generality that the worldsheet Σ is given by x 2 = . . . = x n = 0, and that on Σ
Therefore, the extrinsic curvatures are
17 Note that the assumption x ∼ 1 + ε leads to a transverse speed of sound s ∼ ε c 0 .
where K i are the extrinsic curvatures of the curve x 2 = . . . = x n = 0 in the space manifold, that is, the n-dimensional Riemannian manifold with coordinates (x 1 , . . . , x n ) and metric
Note that each point of the space manifold corresponds to a stationary observer. The Riemannian metric γ gives the distances between neighboring stationary observers, as measured in radar experiments, for instance. The metric of the worldsheet is given by
and so its energy-momentum tensor can be written as
leading to the generalized sail equations − ρ ∂ i φ + p K i 11 = 0 (i = 2, . . . , n).
Since the string is stationary, the 4-velocity of the its particles is simply
and it is easy to compute that on Σ
We can think of
as the gravitational field measured by the stationary observers, and so (162) can be interpreted as stating that the orthogonal component of the gravitational force is being balanced by the tension of the string times its geodesic curvature:
For a stationary string, ρ and p do not depend on t. Therefore, in the equations of conservation of energy-momentum along the worldsheet,
only the component orthogonal to the Killing vector field is nontrivial:
(ρ + p)G 1 − dp dx 1 = 0.
We can think of this equation as stating that the tangential component of the gravitational force is being balanced by the variation in the tension of the string.
B.2 Lowering a mass using an elastic string
An obvious equilibrium configuration is to place the string along a geodesic of the space metric γ tangent to the gravitational field (for example radial geodesics in the case of the Kerr equatorial plane). It is interesting to consider the case when the spacetime is asymptotically flat and the string is being used to hang a mass m from some point at spatial infinity. From (168) we have dφ dx 1 = − 1 ρ + p dp dx 1 ,
and from (12) we obtain dp dx 1 = 2n 2 F (n 2 ) + F (n 2 ) dn 2 dx 1 .
Substituting in (171) and integrating yields e φ(x 1 ) = F (n 2 (∞))n(∞)
where we have set φ(∞) = 0.
The energy obtained at infinity by slowly lowering the mass m from infinity to some finite position x 1 is given by the work done at infinity (on a pulley, say) by the force −p(∞), that is,
where the correction factor n(x) n(∞) is the ratio between the string's stretching at infinity and its stretching at x; note carefully that both p(∞) and n(∞) in this integral depend on x. Using (12) and (173) we obtain,
−2n
2 (x)F (n 2 (x))e φ(x) + F (n 2 (∞)) n(x) n(∞) dx (175)
Since the mass is lowered quasi-statically, and so is in equilibrium for each value of x, we must have
Therefore the first term in (175) is simply
and can be interpreted as the potential energy lost by the mass. The second term must then be the potential energy lost by the string (which has mass itself). It is interesting to note that for strings with constant longitudinal speed of sound this energy does not depend on m. Indeed, if we write (44) as
then (173) yields n(∞) = e φ(x) c 2 n(x),
and so we can write the second term in (175) as 1 − e φ(x) dx.
C Coefficients for the stability analysis
The coefficients of equations (75), (76) and (77) are:
The quantities s and c are taken at the particular equilibrium under consideration.
